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By generalizing Beukers’ arguments in [2] one can easily deduce that (e.g., see [6]):
Theorem 1 Let N be the set of all non-negative integers, and for all n ∈ N\{0} let dn be the lowest
common multiple of 1, 2, . . . , n. Let r, s ∈ N.
(a) If r > s, then for all n ∈ N,
∫ 1
0
∫ 1
0
lnn(xy)
1− xy
xrys dx dy =
n!(−1)n
r − s
r∑
k=s+1
1
kn+1
,
which is a rational number whose denominator is a divisor of dn+2
r
.
(b) If r = s, then for all n ∈ N,
∫ 1
0
∫ 1
0
lnn(xy)
1− xy
xryr dx dy = (n+ 1)!(−1)n
(
ζ(n+ 2)−
r∑
k=1
1
kn+2
)
.
(Note that the sum of numbers over the empty set is by definition zero.)
(For related results see also the papers [1], [5], [7], [8], [9], [10], [12], [15], and [16]. See also the books
[3, pp. 365-370] and [4, Appendix A2, pp. 372-381].) Using parts (a) and (b) of Theorem 1, it is easy to
show that ∫ 1
0
∫ 1
0
[− ln(xy)]
n
1− xy
(1− x) dx dy = Γ(n+ 2)
[
ζ(n+ 2)−
1
n+ 1
]
,
for all n ∈ N. This gives rise to the following conjecture:
Conjecture 1 For z ∈ C with ℜ(z) > −2,
∫ 1
0
∫ 1
0
[− ln(xy)]z
1− xy
(1− x) dx dy = Γ(z + 2)
[
ζ(z + 2)−
1
z + 1
]
. (0.1)
The conjecture can probably be proven by generalizing Beukers’ arguments in [2] and by using Fractional
Calculus (e.g., see [11]). By taking the limit as z → −1 on both sides of (0.1), one obtains Sondow’s
formula
γ =
∫ 1
0
∫ 1
0
−
1− x
(1− xy) ln(xy)
dx dy,
where γ is Euler’s constant. (See [13] and [14].)
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